Chapter 5. Linear Systems of Equations

Section 1. Gaussian Elimination

1. Gaussian Elimination (Burden & Faires, 6.1)
Consider the n x n liner system of equations,

a1 + 19T + -+ A1nly — b1

a21T1 + A92Xo + -+ + Aop Ty = b2

Ap1T1 + GpaXo + +++ + App Ty = bn

or in matrix form

Ax=Db
where
13 a2 - Qip I by
Q21 Q22 -+ A2y T2 by
A= . , X = , b=
Un1 Qpa *°* App Ty bn

The augmented matrix for this system is

an a2 o Qi by
21 Q22 -+ QA2 : by
[A,b] = "
| n1 Gp2 " Gppo bn i

It is well known that the following three row operations to [A, b] will not change the
solution of the system,

1. Interchange two rows.
2. Mutiply a row by a nonzero constant.
3. Mutiply a row by a nonzero constant and add to another row.

The Gaussian Elimination uses the three row operations to eliminate all the entries
below the diagonals column by column, and then the system can be solved by back



substitution. Let

oty afy aff - dfh,  df aly, afh i
2 2 2 2 2

0 aéQ) @53) aé,lzz—l aék) agn) aé,n—l—l
Alk) k-1 k—1 kE—1 k—1

AW = al(c 1,1)971 al(c—l,lzz al(cfl,'r)z l(c—l,r)wrl

2 2 k

al(c,l)c al(c,r)L al(€,7)L+1

0 0 an"j]l k) ag?z—&—l

where AW =[A4,b]. For k =2,3,---,n,
(k=1)

Q;j ) i:1727"'7k_17 ]:17277n+1
*® _ ) 0, i=kk+1,---,n, 7=12,---k—1
A R T
aij - — ainap 5 i=kk+1,-n, j=kk+1---n+1
T 1,k—1 ’
A®) represents the equivalent linear system for which the columns 1,2,---,k — 1 below
the diagonals have been eliminated. The elements agf), k=1,2---n, i =1,2,---.n,
on the diagonal are called the pivot elements. Clearly, the procedure will fail if aéf? =0.

2. Operations count (Burden & Faires, 6.1)

To compare different algorithms, the excution time on computers is a very important
factor. The excution time is different for different computers. Thus, we usually count
the basic operations required to be excuted. In most algorithms, the Multiplication,
Division, Addition and Subtraction are the main operations. Amount these, Multipli-
cation and Division require much more computer time than Addition and Subtraction.
For Gaussian Elimination, at the ¢th step, we have

Multiplication /Division (ith step):
n—i)+n—i)n—i+1)=Mn—-9)(n—1i+2)
Addition/Subtraction (ith step):
(n—i)(n—i+1)
Adding up we obtain the operations for elimination

Multiplication/Division:

n—1 n—1
Yn—i)n—i+2) = > (n®—2ni+i+2n— 2
i=1 i=1

2n2 + 3n? — 5n
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Addition/Subtraction:

n—1 n—1

d(n—i)(n—i+1) = (n® —2ni +i* +n — i)
i=1 i=1
n3—n

3

For backward substitution we have

Multiplication/Division:

i n?+n
14> (n—i+1)=
i—1 2
Addition/Subtraction:
n—1 2 _
Sn—i—1+1)=" > "

i=1
Thus, the total operation for solving the linear system is
Multiplication/Division (Total)

20’ +3n° =5n  n’4+n_n* 5 n
6 2 3 3

Addition/Subtraction (Total)

3 > 327 %
3. Pivoting (Burden & Faires, 6.2)

Partial pivoting. When the element a,(clz) is zero, a row interchange is needed. The-

oretically, the elimination procedure can continue if a;’;) # 0. However, if a,(clz) is rel-
atively small, the elimination procedure can produce large round-off error. Thus, row
interchanges are performed even when the pivit elements are not zero. To reduce the
round-off error, we determine the smallest p > k such that
(k) _ (k)

‘%k | = ;2%)% |ag, |
and then perform the row interchange of row k£ and row p. This technique is called
partial pivoting.

Scaled pivoting. Since any row can be multiplied by a nonzero constant, the partial
pivoting may not improve the performence for some problems. The better way is to
scale the rows uniformly, and then select the pivoting element. Let

Si = [ax |aij]
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and then we select the smallest integer p > 7 such that

|api | n
5, o lal

and then perform the row interchange of row ¢+ and row p. This technique is called scaled
pivoting. The scale factors sy, so, - - -, s, are computed only once before the elimination
procedure. The additional operations required for scaled pivoting are

n(n—l)—l—;k:;n(n—l)

comparisons, and
" n(n+1
STERICE I
k=2 2
divisions. The computational time to perform a comparison is about the same as an

addition/subtraction. Thus, the scaled pivoting does not add significantly to the com-
putational time required to solve a system for large n.

Complete pivoting. The scaled pivoting generally gives satisfactory results. However,
since the scale factors are computed only once, there is no guarantee that the rows are
uniformly scaled at each step of the elimination. To ensure the accuracy of the solution,
the complete pivoting should be used. The complete pivoting at kth step searches all
the entries a;;,¢ =k, k+1,---,n,j =k, k+1,---,n, to find the entry with the largest
magnitude. Both row and column interchanges are then performed to bring this entry
to the pivot position. The total comparisons are

“ n(n —1)(2n + 5)

Sk 1) =

4. Matrix factorization (Burden & Faires, 6.5)

LU Factorization

Since the three row operations are equivalent to multiply the matrix A by three
elementary matrices, each step of the GGaussian elimination is equivalent to multiply A
by a matrix. At the first step we have

where
1 0 0]
— 1Moy 1
MY = 0
: 0
—Mp1 0 - 0 1 i




with

If the elimination process can be continued, we have

MO are=2) oW Ax = M-V =2 Lo pr(Wp

where ) )
1 0 0
0
M*F) — 0
—MEy1.k
: o . .0
: 0
| 0 0 — Mk 0 0 1]
with )
_ Dk
Mk = =)
Ok

The matrix
U=M»Dpre=2 . pry

is the upper triangular matrix. Let

then
A=LU

L is a lower triangular matrix. Thus, we have the following theorem,

Theorem 6.17. (LU factorization) If Gaussian elimination can be performed on the
linear system Ax = b without row interchanges, then the matrix A can be factored
into the product of a lower triangular matrix L and an upper triangular matrix U, i.e.,
A=LU. n

The advantage of the factorization is that we just need to factor the matrix A once,
then any system with A as the coefficient matrix can be easily solved.

5. Stability of Gaussian elimination (Burden & Faires, 6.6)

Theorem 6.19. (Gaussian elimination) A strictly diagonally dominant matrix A
is nonsingular. Moreover, in this case, GGaussian elimination can be performed on any
linear system of the form Ax = b to obtain its unique solution without row or column
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interchanges, and the computations will be stable with respect to the growth of round
off errors. m

Theorem 6.24. (Gaussian elimination) The symmetric matrix A is positive definite
if and only if Gaussian elimination without row interchanges can be performed on the
linear system Ax = b with all pivot elements positive. Moreover, in this case, the
computations are stable with respect to the growth of round off errors. m

Corollary 6.25. (LDL! factorization) The matrix A is positive definite if and only if
A can be factored in the form LDL!, where L is lower triangular with 1’s on its diagonal
and D is a diagonal matrix with positive diagonal entries. =

Corollary 6.26. (LL' factorization) The matrix A is positive definite if and only if
A can be factored in the form LL', where L is lower triangular with nonzero diagonal
entries. ®

6. Solution of tridiagonal systems (Burden & Faires, 6.6) If

a1 412 O 0
21 Q22 G323
0 asx asz azy
A=
0
: . anfl,n
L 0 0 an,nfl Qpn ]

then the system Ax = b is called a tridiagonal system. In this case, the LU factorization

algorithm can be simplified considerably. Let

[ ln 0 0 [ 1 U192 0 0
lor 1y 0 1
L= ¢ - 0 U= 0
T 0 Up—1,n
L0 - 0 Lupoa lon | O 1
then A = LU gives
ay =ln
Aii—1 = lij—1, ©=2,3,---,n
iy = lig U1y + iz, 1=2,3,---,n

Qii41 = liiui,z‘—l—la

All the entries of L and U can be obtained from these equations.

i=23-.n—1




Section 2. Iterative methods

1. Vector and matrix norm (Burden & Faires, 7.1)

Definition 7.1. (vector norm) A vector norm on R" is a function, ||-||, from R" to
R with the following properties:

(i) ||x|]| >0, vxeR"

(i) ||x|| =0, if and only if x =10

(iii) [Jox|| = |of[x]| Vo€ Rand x € R"
(iv) Ix+yl <[x[+Iyll, vxyeR"

The commonly used norms are the following three norms:

[; norm
n
[, =) |2l
i=1
[, norm
n 1/2
Il = (3+2)
i=1
[ norm
%[l = max ;|

Definition 7.8. (matrix norm) A matrix norm on the set of all n x n matries is a
real valued function, ||-||, defined on this set, satisfying for all n x n matries A and B
and all real numbers a:

(i) [IAl =0

(ii) ||A]| =0, if and only if A =0
(iii) [laAll = |of||Al

(iv) [|A+ Bl < ||All +1Bl|

(v) [[AB]| < [[Alll|B]

It is easy to prove the following theorem,

Theorem 7.9. (matrix norm) For a given vector norm

1Al = s [ Ax]|

|x||=1
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is a matrix norm. [
Corresponding to Iy, [5 and [, vector norms, we have the matrix norms

[All, = max [|Ax]|;
[[x][[,=1
[All, = max [[Ax]|],
[[x][[y=1
[A]l, = max [|Ax][|
[1%[| =1

Theorem 7.11. (matrix norm) If A = (a;;) is an n x n matrix, then

||A||1 = lhax Z |aw|

1<j<n

Al = gg%g;jZl |aij]

Theorem 7.14. (matrix norm) If A = (a;;) is an n x n matrix, then
1A, = [p(A"A)] 2
where p(A) is the spectral radius of A, i.e., the largest eigenvalue of A in norm:

p(A) =max|A| =

2. Jacobi iteration (Burden & Faires, 7.3)
Consider the n x n liner system of equations,

A11T1 + A2 + -+ - + ATy = b1
a21Z1 + Q92X + -+ + AopTy = b2

Up1T1 + GpaXa + -+ + AppTy = bn

or Ax = b. Suppose a; # 0, solving for x1,xs, - -, x, from each equation we obtain
1
11 = —(=a12%9 — *++ — Q1T + b1)
a
1
Ty = —(—anTy — -+ — AgnTy + by)
Q22
1
Tp = (_anlxl —r — App-1Tp-1 + bn)
aTL’)’L



Suppose an initial approximation x(°) to the solution x is given, then we can form an
iterative procedure,

1 _
2P = —(—algxgk Voo a1z by)
aii
1 _
o) = —(—anal" Y = = agaF 4 by)
Q22
1 _ _
x%k) = 7(—Gn1$§k b - = an,n—lx;kf ' + bn)
ann
fork=1,2,---,. Let A= D — L—U with D, —L and —U denoting the diagonal, lower
triangular and upper triangular parts of the matrix A,
ap; 0 0
D= 0 99
0 0 anum
0 eee e 0 0 —app -+ - —a,
—L _ —a21 .. . U _
: - - : (o1
—py ot —Gppq O 0  cer e e 0

Then equations (?7)-(??) can be written as
x=DYL+U)x+D"'b
The iterative procedure (?7)-(??) can be written as
x®) = DY (L + U)x*~Y + Db

It is easy to see that if the iteration coverges, then the limit is the solution x.

3. Gauss-Seidel iteration (Burden & Faires, 7.3) In the Jacobi iteration, when we

compute Iz(-k), all values xgk), xék), ‘e ,xz(-ﬁ)l have been computed. Thus, we may use these

new values instead of the old values. This improvement gives the Gauss-Seidel iteration,

(Illllfgk) = —algx(k_l) — algxék_l) — e — (Ilnllfglk_l —+ bl
azlzgk) + @229€ék) = —azszékil) — = Cbznilfglkfl + b
anla:gk) + angxgk) + -+ amxﬁf) = by,

In matrix form,
(D — L)x® = Uux®* D +b
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or
x® = (D - L) 'ux* Y+ (D-L)"'b

4. SOR iteration (Burden & Faires, 7.3) The SOR (Successive Over-Relaxation)
iteration is a further improvement on the Gauss-Seidel iteration. At each step of the
iteration, the SOR value takes the linear combination of Gauss-Seidel value and the
value from the previous iteration, i.e.,

i—1 n
7 = (=Wl + = b= Tyl = 3 agalY
@i j=1 j=it1

fori:=1,2,---,n. In matrix form,
(D — wL)x® =[(1 — w)D + wU)x* Y + wb

or
x® = (D —wL)™ (1 - w)D 4+ wUx* Y + w(D —wL)™'b

When 0 < w < 1, it is called under-relaxation. When 1 < w < 2, it is called over-
relaxation.

4. Convergence of the iterative methods (Burden & Faires, 7.3)

Theorem 7.19. (General case) For any x(©) € R", the sequence {x*)}12° , defined by
x® =7x*EN 4o k>1

converges to the unique solution of x = T'x + ¢ if and only if p(T) < 1.

Corollary 7.20. (General case) If ||T|| < 1 for any matrix norm and c is a given
vector, then the sequence {x*)}%° , defined by

x® =7x*EN 4o k>1

converges, for any x(*) € R", to a vector x € R”, and the following error bounds hold,
(i)

e = < 1T =]
(ii)

HX N X(k)H < [iealls

S L

Theorem 7.21. (Jacobi and Gauss-Seidel) If A is strictly diagonally dominant,
then for any choice of x(9, both Jacobi and Gauss-Seidel methods converge.
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Theorem 7.24. (SOR) If a;; # 0, for each i = 1,2,--- n, then p(T,) > |w — 1|. this
implies that the SOR method can converge only if 0 < w < 2.

Theorem 7.25. (SOR) If A is positive definite and 0 < w < 2, then the SOR method
converges for any choice of x(¥.

Section 3. Error analysis and condition number

Suppose X is an approximation to the solution x of Ax = b. Let
r=b— Ax

If ||r]| is small, it seems natural to say that X is an good approximation to x. However,
for some systems this is not true.

Theorem 7.27. (Error bounds) Suppose that X is an approximation to the solution
of Ax =b. A is a nonsingular matrix, and r is the residual vector for x. Then for any

norm
I — %I < Jlell - |47

and if x # 0 and b # 0, )
Ix — %|

<Al |4y

[l

Definition 7.28. (Condition number) The condition number of the nonsigular ma-
trix A relative to a norm [|-|| is

K(A) = [|A]l |47

In the real applications, the matrix A and the right hand side b are usually not exact,
but with small perturbations. So the system

Ax=Db

becomes
(A+0A)x =b+db

Theorem 7.29. (Error bounds) Suppose A is nonsingular and

1
16AN < ==

47

[x—x[ . K(A)[A] (||5b|| ||5A||>
[l 1Al = KA oA\ bl (AT

then
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