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Piecewise-Polynomials

Piecewise-Polynomial Approximation

Piecewise-linear interpolation

This is the simplest piecewise-polynomial approximation and which
consists of joining a set of data points

{(x0, f(x0)), (31, 1(x1)), - - ., (Xn, F(Xn)) }

by a series of straight lines:

y
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Piecewise-Polynomial Approximation
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Piecewise-Polynomials

Piecewise-Polynomial Approximation

Disadvantage of piecewise-linear interpolation

@ There is likely no differentiability at the endpoints of the
subintervals, which, in a geometrical context, means that the
interpolating function is not “smooth.”
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Piecewise-Polynomial Approximation

Disadvantage of piecewise-linear interpolation

@ There is likely no differentiability at the endpoints of the
subintervals, which, in a geometrical context, means that the
interpolating function is not “smooth.”

@ Often it is clear from physical conditions that smoothness is
required, so the approximating function must be continuously
differentiable.
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Piecewise-Polynomials

Piecewise-Polynomial Approximation

Disadvantage of piecewise-linear interpolation

@ There is likely no differentiability at the endpoints of the
subintervals, which, in a geometrical context, means that the
interpolating function is not “smooth.”

@ Often it is clear from physical conditions that smoothness is
required, so the approximating function must be continuously
differentiable.

@ We will next consider approximation using piecewise polynomials
that require no specific derivative information, except perhaps at
the endpoints of the interval on which the function is being
approximated.
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Piecewise-Polynomial Approximation

Differentiable piecewise-polynomial function
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Piecewise-Polynomials

Piecewise-Polynomial Approximation

Differentiable piecewise-polynomial function

@ The simplest type of differentiable piecewise-polynomial function
on an entire interval [xp, X] is the function obtained by fitting one
quadratic polynomial between each successive pair of nodes.
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Piecewise-Polynomials

Piecewise-Polynomial Approximation

Differentiable piecewise-polynomial function

@ The simplest type of differentiable piecewise-polynomial function
on an entire interval [xp, X] is the function obtained by fitting one
quadratic polynomial between each successive pair of nodes.

@ This is done by constructing a quadratic on
[Xo0, X1] agreeing with the function at xp and xq,
and another quadratic on

[x1, X2] agreeing with the function at x; and xo,

and so on.
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Piecewise-Polynomials

Piecewise-Polynomial Approximation

Differentiable piecewise-polynomial function (Cont'd)

@ A general quadratic polynomial has 3 arbitrary constants—the
constant term, the coefficient of x, and the coefficient of x>—and
only 2 conditions are required to fit the data at the endpoints of
each subinterval.
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Piecewise-Polynomial Approximation

Differentiable piecewise-polynomial function (Cont'd)

@ A general quadratic polynomial has 3 arbitrary constants—the
constant term, the coefficient of x, and the coefficient of x>—and
only 2 conditions are required to fit the data at the endpoints of
each subinterval.

@ So flexibility exists that permits the quadratics to be chosen so
that the interpolant has a continuous derivative on [xg, Xs].
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Piecewise-Polynomial Approximation

Differentiable piecewise-polynomial function (Cont'd)

@ A general quadratic polynomial has 3 arbitrary constants—the
constant term, the coefficient of x, and the coefficient of x>—and
only 2 conditions are required to fit the data at the endpoints of
each subinterval.

@ So flexibility exists that permits the quadratics to be chosen so
that the interpolant has a continuous derivative on [xg, Xs].

@ The difficulty arises because we generally need to specify
conditions about the derivative of the interpolant at the endpoints
Xp and xp,.
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Piecewise-Polynomials

Piecewise-Polynomial Approximation

Differentiable piecewise-polynomial function (Cont'd)

@ A general quadratic polynomial has 3 arbitrary constants—the
constant term, the coefficient of x, and the coefficient of x>—and
only 2 conditions are required to fit the data at the endpoints of
each subinterval.

@ So flexibility exists that permits the quadratics to be chosen so
that the interpolant has a continuous derivative on [xg, Xs].

@ The difficulty arises because we generally need to specify
conditions about the derivative of the interpolant at the endpoints
Xp and xp,.

@ There is an insufficient number of constants to ensure that the
conditions will be satisfied.
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Cubic Splines: Establishing Conditions

Most common piecewise-polynomial approximation

@ The most common piecewise-polynomial approximation uses
cubic polynomials between each successive pair of nodes and is
called cubic spline interpolation.




Cubic Splines: Establishing Conditions

Most common piecewise-polynomial approximation

@ The most common piecewise-polynomial approximation uses
cubic polynomials between each successive pair of nodes and is
called cubic spline interpolation.

@ A general cubic polynomial involves 4 constants, so there is
sufficient flexibility in the cubic spline procedure to ensure that the
interpolant is not only continuously differentiable on the interval,
but also has a continuous second derivative.




Spline Conditions

Cubic Splines: Establishing Conditions

The construction of the cubic spline does not, however, assume that

the derivatives of the interpolant agree with those of the function it is
approximating, even at the nodes.
S(x) &
1
Sj(xj+1) =f(xj+l) = Sj+1(X_,+1)
S]{(ijrl) = S;+1(xj+l)
S}’(Xjﬂ) = S](Lr](xjﬂ)
)go )21 )gz );/ ij+1 X,Lz Xn—; xr;—l ;‘;, j
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Spline Conditions

Cubic Spline Interpolant

Given a function f defined on [a, b] and a set of nodes
a=Xxg <Xy <---< Xp= b, acubic spline interpolant S for f is a

function that satisfies the following conditions:

v
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Spline Conditions

Cubic Spline Interpolant

Given a function f defined on [a, b] and a set of nodes
a=Xxg <Xy <---< Xp= b, acubic spline interpolant S for f is a

function that satisfies the following conditions:
(a) S(x) is a cubic polynomial, denoted S;(x), on the subinterval
[Xj, Xj+1] foreach j=0,1,...,n—1;
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Spline Conditions

Cubic Spline Interpolant

Given a function f defined on [a, b] and a set of nodes
a=Xxg <Xy <---< Xp= b, acubic spline interpolant S for f is a

function that satisfies the following conditions:
(a) S(x) is a cubic polynomial, denoted S;(x), on the subinterval
[Xj, Xj+1] foreach j=0,1,...,n—1;
(b) Si(xj) = f(x;) and Sj(xj41) = f(Xj1) foreachj=0,1,...,n—1;
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Cubic Spline Interpolant

Given a function f defined on [a, b] and a set of nodes
a=Xxg <Xy <---< Xp= b, acubic spline interpolant S for f is a

function that satisfies the following conditions:
(a) S(x) is a cubic polynomial, denoted S;(x), on the subinterval
[Xj, Xj+1] foreach j=0,1,...,n—1;
(b) Si(xj) = f(x;) and Sj(xj41) = f(Xj1) foreachj=0,1,...,n—1;
(©) Sj+1(Xj+1) = Sj(xj+1) foreach j=0,1,...,n—2; (Implied by (b).)
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Spline Conditions

Cubic Spline Interpolant

Given a function f defined on [a, b] and a set of nodes
a=Xxg <Xy <---< Xp= b, acubic spline interpolant S for f is a

function that satisfies the following conditions:
(a) S(x) is a cubic polynomial, denoted S;(x), on the subinterval
[Xj, Xj+1] foreach j=0,1,...,n—1;
(b) Si(xj) = f(x;) and Sj(xj41) = f(Xj1) foreachj=0,1,...,n—1;
(©) Sj+1(Xj+1) = Sj(xj+1) foreach j=0,1,...,n—2; (Implied by (b).)

(d) Sj1(Xj+1) = Sj(Xj41) foreach j=0,1,...,n—2;

v
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Spline Conditions

Cubic Spline Interpolant

Definition

Given a function f defined on [a, b] and a set of nodes

a=Xxg <Xy <---< Xp= b, acubic spline interpolant S for f is a
function that satisfies the following conditions:

(a) S(x) is a cubic polynomial, denoted S;(x), on the subinterval
[Xj, Xj+1] foreach j=0,1,...,n—1;

(b)

(© Sjit1(x41) =

(d) Sj1(Xj+1) = Sj(Xj41) foreach j=0,1,...,n—2;

(e) (Xj41) =

e Sj

R

51;1 Xj-+1 (Xj11) foreach j=0,1,...,n—2;

Si(x;) = f(x;) and Sj(Xj11) = f(xj+1) foreach j=0,1,...,n—1;
Sj(Xj41) foreach j = 0,1,...,n—2; (Implied by (b).)

v
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Spline Conditions

Cubic Spline Interpolant

Definition

Given a function f defined on [a, b] and a set of nodes

a=Xxg <Xy <---< Xp= b, acubic spline interpolant S for f is a
function that satisfies the following conditions:

(a) S(x) is a cubic polynomial, denoted S;(x), on the subinterval
[Xj, Xj+1] foreach j=0,1,...,n—1;

(b) Si(xj) = f(x;) and Sj(xj41) = f(Xj1) foreachj=0,1,...,n—1;
(©) Sj+1(Xj+1) = Sj(xj+1) foreach j=0,1,...,n—2; (Implied by (b).)
(d) Sj1(Xj+1) = Sj(Xj41) foreach j=0,1,...,n—2;

(€) S\ 1(Xj+1) = S/(Xj+1) foreach j=0,1,...,n—2;

(f) One of the following sets of boundary conditions is satisfied:

(iy S"(x0)=S"(xp) =0 (natural (or free) boundary);
(i) S'(x%)=F(x) and S'(x5)=Ff(x;) (clamped boundary).
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Natural & Clamped Boundary Conditions




Cubic Splines: Natural & Clamped Conditions

Natural & Clamped Boundary Conditions

@ Although cubic splines are defined with other boundary conditions,
the conditions given in (f) are sufficient for our purposes.
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Natural & Clamped Boundary Conditions

@ Although cubic splines are defined with other boundary conditions,
the conditions given in (f) are sufficient for our purposes.

@ When the free boundary conditions occur, the spline is called a

natural spline, and its graph approximates the shape that a long
flexible rod would assume if forced to go through the data points

{(x0, f(x0)), (x4, F(x1)), - ., (X, F(Xn)) }-




Cubic Splines: Natural & Clamped Conditions

Natural & Clamped Boundary Conditions

@ Although cubic splines are defined with other boundary conditions,
the conditions given in (f) are sufficient for our purposes.

@ When the free boundary conditions occur, the spline is called a
natural spline, and its graph approximates the shape that a long
flexible rod would assume if forced to go through the data points

{(X07 f(XO))7 (X17 f(X1 ))7 ooy (Xm f(Xn))}

@ In general, clamped boundary conditions lead to more accurate
approximations because they include more information about the
function.




Cubic Splines: Natural & Clamped Conditions

Natural & Clamped Boundary Conditions

@ Although cubic splines are defined with other boundary conditions,
the conditions given in (f) are sufficient for our purposes.

@ When the free boundary conditions occur, the spline is called a
natural spline, and its graph approximates the shape that a long
flexible rod would assume if forced to go through the data points

{(X07 f(XO))7 (X17 f(X1 ))7 ooy (Xn7 f(Xn))}

@ In general, clamped boundary conditions lead to more accurate
approximations because they include more information about the
function.

@ However, for this type of boundary condition to hold, it is
necessary to have either the values of the derivative at the
endpoints or an accurate approximation to those values.




Spline Conditions

Cubic Splines: Establishing Conditions

Example: 3 Data Values

Construct a natural cubic spline that passes through the points (1, 2),
(2,3), and (3,5).
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Spline Conditions

Cubic Splines: Establishing Conditions

Example: 3 Data Values

Construct a natural cubic spline that passes through the points (1, 2),
(2,3), and (3,5).

Solution (1/4)
This spline consists of two cubics:
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Spline Conditions

Cubic Splines: Establishing Conditions

Example: 3 Data Values

Construct a natural cubic spline that passes through the points (1, 2),
(2,3), and (3,5).

Solution (1/4)

This spline consists of two cubics: the first for the interval [1, 2],
denoted

So(x) = a + bo(x — 1) + Co(x — 1)% + do(x — 1)°,
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Spline Conditions

Cubic Splines: Establishing Conditions

Example: 3 Data Values

Construct a natural cubic spline that passes through the points (1, 2),
(2,3), and (3,5).

Solution (1/4)

This spline consists of two cubics: the first for the interval [1, 2],
denoted

So(x) = a + bo(x — 1) + Co(x — 1)% + do(x — 1)°,

and the other for [2, 3], denoted

Si(x) = a1 + by(x — 2) + ¢(x — 2)% + dy(x — 2)3.
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Spline Conditions

Cubic Splines: Example with 3 Data Values

Solution (2/4)
There are 8 constants to be determined, which requires 8 conditions.
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Spline Conditions

Cubic Splines: Example with 3 Data Values

Solution (2/4)

There are 8 constants to be determined, which requires 8 conditions. 4

conditions come from the fact that the splines must agree with the data
at the nodes.
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Spline Conditions

Cubic Splines: Example with 3 Data Values

Solution (2/4)

There are 8 constants to be determined, which requires 8 conditions. 4

conditions come from the fact that the splines must agree with the data
at the nodes. Hence

2:f(1):a0, 3=f(2)=ao+bo+00+do, 3:f(2):a1
and 5:f(3):a1+b1+c1+d1
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Spline Conditions

Cubic Splines: Example with 3 Data Values

Solution (2/4)

There are 8 constants to be determined, which requires 8 conditions. 4

conditions come from the fact that the splines must agree with the data
at the nodes. Hence

2:f(1):a0, 3=f(2)=ao+bo+00+do, 3:f(2):a1
and 5:f(3):a1+b1+c1+d1

2 more come from the fact that S;(2) = S;(2) and Sj(2) = S{(2).
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Spline Conditions

Cubic Splines: Example with 3 Data Values

Solution (2/4)

There are 8 constants to be determined, which requires 8 conditions. 4
conditions come from the fact that the splines must agree with the data
at the nodes. Hence

2:f(1):ao, 3=f(2)=ao+bo+00+do, 3:f(2):a1
and 5:f(3):a1+b1+c1+d1

2 more come from the fact that S;(2) = S;(2) and Sj(2) = S{(2).
These are

86(2) = SQ (2): bg+2cy+ 3ap = by
and  Sj(2)=S{(2): 2cy+6dy = 2¢4
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Spline Conditions

Cubic Splines: Example with 3 Data Values

(1) 2=a (2) 3=ap+ b+ co+ do
() 3=a (4) 5=ay+by+c +d
(5) bg+2¢cy + 3dy = by (6) 2cy+6dy=2c
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Spline Conditions

Cubic Splines: Example with 3 Data Values

(1) 2=a (2)
@) 3=a (4)
(5) by +2cy+3dy = by (6)

3=ay+by+cyp+ dy
5=ay+ by +c1 + d
2¢y + 6dy = 2¢4

Solution (3/4)

The final 2 come from the natural boundary conditions:

Sy(1)=0:

2¢p =0

and S/(3)=0:

2c¢y1 +6d; = 0.

Numerical Analysis (Chapter 3)

Cubic Spline Interpolation |

R L Burden & J D Faires
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Spline Conditions

Cubic Splines: Example with 3 Data Values

(1) 2=a ()
(3) 3=a (4)
(5) bo+2¢cy+3dy = by (6)
(7) 26 =0 (8)

3=ap+ by +cyp+ dy
5=a1+b+c+d
2¢cy + 6dy = 2¢4

2c1 +6d; =0

Numerical Analysis (Chapter 3)

Cubic Spline Interpolation |

R L Burden & J D Faires
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Spline Conditions

Cubic Splines: Example with 3 Data Values

(1) 2=a (2) 3=ay+by+co+ dy
(3) 3 =aq 4) 5=a1+by+c+d
(5) by +2¢cy + 3dy = by (6) 2cy+6dy=2c

(7) 2c, =0 (8) 2c;+6d; =0

Solution (4/4)
Solving this system of equations gives the spline

S0 2+ 3(x—1)+1(x—1)3, forxe[1,2]
| 8+3(x—-2)+3(x—22- H(x—2)% forxe[2,3]
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Spline Construction

Outline

e Construction of a Cubic Spline
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Basic Approach

@ A spline defined on an interval that is divided into n subintervals
will require determining 4n constants.
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Basic Approach

@ A spline defined on an interval that is divided into n subintervals
will require determining 4n constants.

@ To construct the cubic spline interpolant for a given function f, the
conditions in the are applied to the cubic polynomials

Sj(X) =aj+ bj(X = Xj) + Cj(X = X/)2 + dj(X = )(j)3

foreachj=0,1,...,n—1.
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Basic Approach

@ A spline defined on an interval that is divided into n subintervals
will require determining 4n constants.

@ To construct the cubic spline interpolant for a given function f, the
conditions in the are applied to the cubic polynomials

Sj(X) =aj+ bj(X = Xj) + Cj(X = X/)2 + dj(X = )(j)3

foreach j=0,1,...,n— 1. Since 5;(x;) = a; = f(x;), condition (c),
namely S;i1(X+1) = Sj(X+1), can be applied to obtain

g1 = Sjpr1(X41) = §i(Xj11)
2 3
= aj+ bj(Xj11 — X)) + Gi(Xjp1 — X)) + di(Xjp1 — X;)

foreachj=0,1,...,n—2.
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Spline Construction

Cubic Splines: Construction

841 = 8+ bi(X41 — X) + Gx41 — %) + Gi(X:41 — X)° |

Basic Approach (Cont'd)
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Spline Construction

Cubic Splines: Construction

gj+1 = 8+ bj(X1 — %) + (X1 — %)% + Gh(x41 — x)°

Basic Approach (Cont'd)

The terms x; 1 — x; are used repeatedly in this development, so it is
convenient to introduce the simpler notation

hj = X1 = x5,

foreachj=0,1,...,n— 1. If we also define a, = f(x»),
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Spline Construction

Cubic Splines: Construction

2 3
841 = 8+ bj(x41 — X) + G041 — X)? + (X541 — X)) |

Basic Approach (Cont'd)

The terms x; 1 — x; are used repeatedly in this development, so it is
convenient to introduce the simpler notation

hj = X1 = x5,

foreachj=0,1,...,n— 1. If we also define a, = f(xy), then the
equation
81 =8 + bjhj = thj? aF d/hf’

holds foreachj=0,1,....,n— 1.
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Spline Construction

Cubic Splines: Construction

81 =& + bjhj = thj2 - djh}‘)’

Basic Approach (Cont'd)
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Spline Construction

Cubic Splines: Construction

81 =& + bjhj = thj2 - djh}‘)’

Basic Approach (Cont'd)
In a similar manner, define b, = S'(x,) and observe that

S/(x) = bj + 2¢(x — x;) + 3dj(x — x;)?

implies S}’-(xj) = bj,foreachj=0,1,...,n—1.
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Spline Construction

Cubic Splines: Construction

81 =& + bjhj = thj2 - djh}‘)’

Basic Approach (Cont'd)
In a similar manner, define b, = S'(x,) and observe that

S/(x) = bj + 2¢(x — x;) + 3dj(x — x;)?

implies Sl’-(xj) = bj, foreach j=0,1,...,n— 1. Applying condition (d),
namely S, ;(x1) = Sj(X:+1), gives

bj1 = bj + 2¢;h; + 3d;hE

foreachj=0,1,...,n—1.
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Spline Construction

Cubic Splines: Construction

a1 = a-+ bjhj A Cj/’l/2 a4 djhj3
b1 = bj+2¢h+3dh?

Basic Approach (Cont'd)
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Spline Construction

Cubic Splines: Construction

a1 = a-+ bjhj A Cj/’l/2 a4 djhj3
b1 = bj+2¢h+3dh?

Basic Approach (Cont'd)

Another relationship between the coefficients of S; is obtained by
defining ¢, = S”(xp)/2 and applying condition (e), namely
Sf4(X41) = S (11).
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Spline Construction

Cubic Splines: Construction

a1 = a-+ bjhj A Cj/’l/2 a4 djhj3
b1 = bj+2¢h+3dh?

Basic Approach (Cont'd)

Another relationship between the coefficients of S; is obtained by
defining ¢, = S”(xp)/2 and applying condition (e), namely
S/ 1(Xj+1) = S/ (Xj41). Then, foreach j=0,1,...,n—1,

Gj+1 = Cj + 30;hy
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Spline Construction

Cubic Splines: Construction

aj + bjhj + thj2 -+ d]hj?’

g1 =
bj+1 = bj - Zthj T+ 3d]h}2
Gi+1 = G +3dh;

Basic Approach (Cont'd)
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Spline Construction

Cubic Splines: Construction

aj + bjhj + thj2 -+ d]hj?’

g1 =
bj+1 = bj - Zthj T+ 3d]h}2
Gi+1 = G +3dh;

Basic Approach (Cont'd)
Solving for @; in the third equation and substituting this value into the
other two gives, foreach j =0,1,...,n— 1, the new equations

2
a1 = a+bh+ é(ZCj + Ciy1)
bj_|_1 = b/ T hj(Cj + Cj+1)
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Spline Construction

Cubic Splines: Construction

1
a1 = a-+ bjhj + 5/7/2(20] aF Cj+1)
b1 = b+ hi(c + Giv1)

Basic Approach (Cont'd)
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Spline Construction

Cubic Splines: Construction

1
a1 = a-+ bjhj + 5/7/2(20] aF Cj+1)
b1 = b+ hi(c + Giv1)

Basic Approach (Cont'd)
The final relationship involving the coefficients is obtained by solving
the appropriate equation in the form of the equation for a;, 1 above, first
for b;:

1 h;
bj = Fj(af“ —aj) — 5’(20/ + Gjt1)

and then, with a reduction of the index, for b;_:

1 hi_1
b1 = K(aj —a-1) - IT(ZCH +¢)
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Spline Construction

Cubic Splines: Construction

Basic Approach (Cont'd)

R R
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Spline Construction

Cubic Splines: Construction

1 h;
b = Fj(aj—H - aj) — gj(zcj + Gjy1)
1 B
b1 = ﬁ(aj— 1) — IT(201—1 +¢)

Basic Approach (Cont'd)
Substituting these values into the equation derived from
b1 = bj + hi(¢j + 1)
with the index reduced by one, gives the linear system of equations
3

3
hj—1Gj—1 +2(hji—1 + hy)Gj + hjCjs1 = Fj(ajﬂ - a) - ﬁ(aj —aj1)

foreachj=1,2,... n—1.
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Spline Construction

Cubic Splines: Construction

3
hi—1Gj—1 +2(hi—1 + MG + G = (841 — &) — ﬁ(aj —aj1)

Basic Approach (Cont'd)
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Spline Construction

Cubic Splines: Construction

3
hi—1Gj—1 +2(hi—1 + MG + G = (841 — &) — ﬁ(aj —aj1)

Basic Approach (Cont'd)
@ This system involves only the {cj}j’-"'zo as unknowns.
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Spline Construction

Cubic Splines: Construction

3
hi—1Gj—1 +2(hi—1 + MG + G = (841 — &) — ﬁ(aj —aj1)

Basic Approach (Cont'd)
@ This system involves only the {cj}j’-"':0 as unknowns.

@ The values of {h,-}j’F;O1 and {aj}fzo are given, respectively, by the
spacing of the nodes {x,-}/’-’:0 and the values of f at the nodes.
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Spline Construction

Cubic Splines: Construction

3
hi—1Gj—1 +2(hi—1 + MG + G = (841 — &) — ﬁ(aj —aj1)

Basic Approach (Cont'd)
@ This system involves only the {cj}j’-"':0 as unknowns.

@ The values of {h,-}j’F;O1 and {aj}fzo are given, respectively, by the
spacing of the nodes {x,-}/’-’:0 and the values of f at the nodes.

@ So once the values of {¢;}]_, are determined, it is a simple matter
to find the remainder of the constants

- 1 -
{bj}]= from by = G 3 (26 + Gj41) and

{d}15, from ¢jq = ¢+ 3dih;
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Spline Construction

Cubic Splines: Construction

3
hi—1Gj—1 +2(hi—1 + MG + G = (841 — &) — ﬁ(aj —aj1)

Basic Approach (Cont'd)
@ This system involves only the {cj}j’-"'zo as unknowns.

@ The values of {h,-}j’F;O1 and {aj}fzo are given, respectively, by the
spacing of the nodes {x,-}/’-’:0 and the values of f at the nodes.

@ So once the values of {¢;}]_, are determined, it is a simple matter
to find the remainder of the constants

- 1 -
{bj}]= from by = G 3 (26 + Gj41) and

{d}15, from ¢jq = ¢+ 3dih;
Then we can construct the cubic polynomials {Sj(x)}f:‘(}.
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Spline Construction

Cubic Splines: Construction

3 3
Pj1Go1 + 2(Rj—1 + M) + A1 = 7841 — &) — £ (8 — 1)
j -

Major Question
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Spline Construction

Cubic Splines: Construction

3 3
Rj-1Gi—1 +2(hj—1 + )6 + MiCj1 = (81 — &) — (8 — 8j-1)
j

lj—1

Major Question

@ The major question that arises in connection with this construction
is whether the values of {c;} , can be found using the system of
equations given above and, if so, whether these values are unique.
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Spline Construction

Cubic Splines: Construction

3 3
Rj-1Gi—1 +2(hj—1 + )6 + MiCj1 = (81 — &) — (8 — 8j-1)
j

lj—1

Major Question

@ The major question that arises in connection with this construction
is whether the values of {c;} , can be found using the system of
equations given above and, if so, whether these values are unique.

@ We will answer this question using theorems which indicate that
this is the case when either of the boundary conditions given in
part (f) of the are imposed.
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Spline
@ The root of the word “spline” is the same as that of splint.
@ It was originally a small strip of wood that could be used to join
two boards.

@ Later, the word was use to refer to a long flexible strip, generally of
metal, that could be used to draw continuous smooth curves by
forcing the strip to pass through specified points and tracing along
the curve. )




Natural Spline

@ A natural spline has no conditions imposed for the direction at its
endpoints, so the curve takes the shape of a straight line after it
passes through the interpolation points nearest its endpoints.

INVENTOR,
15 I ; ReuBenN WILKES

:Z—k @sz\/

ATTORNLEYS

@ The name derives from the fact that this is the natural shape a
flexible strip assumes if forced to pass through specified
interpolation points with no additional constraints.




Cubic Spline Interpolant

Definition

Given a function f defined on [a, b] and a set of nodes

a=Xxg <Xy <---< Xxp= b, acubic spline interpolant S for f is a
function that satisfies the following conditions:

(a) S(x) is a cubic polynomial, denoted S;(x), on the subinterval

[Xj, Xj+1] foreach j=0,1,...,n—1;
(b) Sj(x) = f(x;) and Sj(xj1) = f(xj;1) foreach j=0,1,...,n—1;
(€) Sjy1(X+1) = Sj(Xj41) foreach j=0,1,...,n—2; (Implied by (b).)
(d) S 1(Xj41) = Sj(Xj+1) foreach j=0,1,...,n—2;
(€) S\ 1(X+1) = §/(Xj+1) foreach j=0,1,...,n—2;
(f) One of the following sets of boundary conditions is satisfied:

(iy S"(x0)=S"(xp) =0 (natural (or free) boundary);
(i) S'(x%)=F(x) and S'(x5)=Ff(x;) (clamped boundary).
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