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Divided Difference Form

Hermite Polynomials & Divided Differences

Introduction

There is an alternative method for generating Hermite approximations
that has as its basis the Newton interpolatory divided-difference
formula at xg, X1, ..., Xn, that is,

Pn(x) = fIxo] + ) f1X0, X1, -, Xkl (X — Xo) -+ (X — Xk—1).
pa
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Hermite Polynomials & Divided Differences

Introduction

There is an alternative method for generating Hermite approximations
that has as its basis the Newton interpolatory divided-difference
formula at xg, X1, ..., Xn, that is,

Pn(x) = fIxo] + ) f1X0, X1, -, Xkl (X — Xo) -+ (X — Xk—1).
pa

The alternative method uses the connection between the nth divided
difference and the nth derivative of f.
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Divided Difference Form

Hermite Polynomials & Divided Differences

@ Suppose that the distinct numbers xg, X1, . . ., X, are given together
with the values of f and f’ at these numbers. Define a new
sequence 2y, Zy, . .., 2211 DY

Zoj = Zoj41 = Xj, foreachi=0,1,...,n,

and construct the divided difference table in a form
that uses zy, z1, ..., Zopi1.
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Divided Difference Form

Hermite Polynomials & Divided Differences

@ Suppose that the distinct numbers xg, X1, . . ., X, are given together
with the values of f and f’ at these numbers. Define a new
sequence 2y, Zy, . .., 2211 DY

Zoj = Zojy1 = X;, foreachi=0,1,...,n,
and construct the divided difference table in a form
that uses zy, z1, ..., Zopi1.

@ Since z; = i1 = x; for each i, we cannot define f[zy;, zp;11] by
the divided difference formula. However, we will assume, based
on the divided-difference theorem that the reasonable
substitution in this situation is f[z;, Zoj11] = f'(227) = f'(X)).
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Divided Difference Form

Hermite Polynomials & Divided Differences

Construction (Cont'd)
@ Under this assumption, we can use the entries

f'(x0), f'(x1),...,f(Xn)
in place of the undefined first divided differences

flzo, 21, f|22, Z3), - . . , f[Zon, Zopt1]
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Hermite Polynomials & Divided Differences

Construction (Cont'd)
@ Under this assumption, we can use the entries

f'(x0), f'(x1),...,f(Xn)
in place of the undefined first divided differences
flzo0, z1], fl22, 23], - - -, f[Z2n, Zoni1]

@ The remaining divided differences are produced as usual, and the
appropriate divided differences are employed in Newton’s
interpolatory divided-difference formula.

Numerical Analysis (Chapter 3) Hermite Interpolation Il R L Burden & J D Faires 6/22



Divided Difference Form

Hermite Polynomials & Divided Differences

Construction (Cont'd)
@ Under this assumption, we can use the entries

f'(x0), f'(x1),...,f(Xn)
in place of the undefined first divided differences

flzo, 21, f|22, Z3), - . . , f[Zon, Zopt1]

@ The remaining divided differences are produced as usual, and the
appropriate divided differences are employed in Newton’s
interpolatory divided-difference formula.

@ The following table shows the entries that are used for the first

three divided-difference columns when determining the Hermite
polynomial Hs(x) for xp, X1, and xo.
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Divided Difference Form

Hermite Polynomials & Divided Differences

First divided Second divided
z f(z) differences differences
20 =20 [lz0] = f(w0)
flz0,21] = f'(20)
z1=mz0 flz] = f(z0) flz0, 21, 22] = f[ZhZ;] : ico[zm “
f[zh ZQ} _ f[ZQ} — f[zl}
9 — 21
n=z1 flz]=f(z1) fla1, 22, 23] = Hlez, 2] = Jlar, 2]
z3 — 21
flz2, 23] = f'(21)
s=o flal= fo) Slon, 2, ] = LE0 2= S0
flea, 2 = =T
2=y fla] = f(z2) Flzs, 21, 25] = flea, 2] = flzs, 24
25 — %3
flza, z5] = f'(z2)
zs =23 [flzs] = f(@2)
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Divided Difference Form

Hermite Polynomials & Divided Differences

The remaining entries are generated in the same manner as that for
the Newton’s divided difference table. J
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Divided Difference Form

Hermite Polynomials & Divided Differences

The remaining entries are generated in the same manner as that for
the Newton’s divided difference table.

Hermite Polynomial: Divided-Difference Form

The Hermite polynomial is then given by

2n+1

Hons1(X) = flzol + Y flZo, .-, 2kl(X = 20)(X — 21) -+ (X — Zk_+)
k=1

A proof of this fact can be found in [Pow], p. 56.
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Example

Hermite Polynomials & Divided Differences

Example: Computing Hs(1.5) Using Divided Differences

Use the divided difference method to construct the Hermite polynomial
that agrees with the data listed in the following table to find an
approximation to f(1.5).

kX f(xk) f'(xk)

0 1.3 0.6200860 —0.5220232
:
2

1.6 0.4554022 —0.5698959
1.9 0.2818186 —0.5811571
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Example

Hermite Polynomials & Divided Differences

Example: Computing Hs(1.5) Using Divided Differences

Use the divided difference method to construct the Hermite polynomial
that agrees with the data listed in the following table to find an
approximation to f(1.5).

Xk f(Xk) f'(xk)

k
0 1.3 0.6200860 —0.5220232
1
2

1.6 0.4554022 —0.5698959
1.9 0.2818186 —0.5811571

Note: The underlined entries in the first three columns of the following
table are the data given from the earlier example. The remaining
entries are generated by the standard divided-difference formula.
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Example

Hermite Polynomials & Divided Differences

Solution (1/3)

1.3 0.6200860
- —0.5220232
1.3 0.6200860 —0.0897427
o —0.5489460 0.0663657
0.4554022 —0.0698330 0.0026663

—0.5698959 0.0679655 —0.0027738

—0.5786120 0.0685667
0.2818186 —0.0084837
—0.5811571
1.9 0.2818186

1.6
1.6 0.4554022 ~0.0290537 0.0010020
1.9
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Example

Hermite Polynomials & Divided Differences

Solution (2/3)

For example, for the second entry in the third column we use the
second 1.3 entry in the second column and the first 1.6 entry in that
column to obtain

0.4554022 — 0.6200860
16-13

= —0.5489460.
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Example

Hermite Polynomials & Divided Differences

Solution (2/3)

For example, for the second entry in the third column we use the
second 1.3 entry in the second column and the first 1.6 entry in that
column to obtain

0.4554022 — 0.6200860

16_13 = —0.5489460.

For the first entry in the fourth column we use the first 1.3 entry in the
third column and the first 1.6 entry in that column to obtain

—0.5489460 — (—0.5220232)

o — —0.0897427.
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Example

Hermite Polynomials & Divided Differences

Solution (3/3)
The value of the Hermite polynomial at 1.5 is

Hs(1.5)
= f[1.3] + f'(1.3)(1.5 — 1.3) + f[1.3,1.3,1.6](1.5 — 1.3)?
+ f[1.3,1.3,1.6,1.6](1.5 — 1.3)>(1.5 — 1.6)
+f[1.3,1.3,1.6,1.6,1.9](1.5 — 1.3)(1.5 — 1.6)?
+f[1.3,1.3,1.6,1.6,1.9,1.9](1.5 — 1.3)?(1.5 — 1.6)?(1.5 — 1.9)
— 0.6200860 + (—0.5220232)(0.2) + (—0.0897427)(0.2)?
+0.0663657(0.2)%(—0.1) 4 0.0026663(0.2)(—0.1)?
+ (—0.0027738)(0.2)?(—0.1)?(—0.4)
— 0.5118277
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Algorithm

The Hermite Interpolation Algorithm (1/2)

To obtain the coefficients of the Hermite interpolating polynomial H(x)
on the (n+ 1) distinct numbers Xxg, . . ., X, for the function f:
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Algorithm

The Hermite Interpolation Algorithm (1/2)

To obtain the coefficients of the Hermite interpolating polynomial H(x)
on the (n+ 1) distinct numbers Xxg, . . ., X, for the function f:

INPUT numbers Xg, X1, . .., Xp; values f(xo), ..., f(xn) and f'(xp),
.o P (Xn)
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Algorithm

The Hermite Interpolation Algorithm (1/2)

To obtain the coefficients of the Hermite interpolating polynomial H(x)
on the (n+ 1) distinct numbers Xxg, . . ., X, for the function f:

INPUT numbers Xg, X1, . .., Xp; values f(xo), ..., f(xn) and f'(xp),
.o P (Xn)

OUTPUT the numbers Qqo, Q1 1, ..., Qont1,2n+1 Where
H(x) = Qoo+ Q1,1(X — Xo) + Q22(X — X0)?
+ Qa3(x — x0)2(X — X1) + Qaa(X — X)2(Xx — X1)% + -+
+ Qoni1.2n11(X — X0)2(X — X1)? -+ (X — Xp—1)2(X — Xn)
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Algorithm

The Hermite Interpolation Algorithm (2/2)

Step1 Fori=0,1,...,ndo Steps 2 and 3:
Step2 Set z; = x;
2241 = Xj
Qjo = (X))
Qoiv1,0 = f(X;)
Qoiv11 = (X))
Step 3 If i #£ 0 then set

Goio— G
sz:M
2oj — Z2j—1
Step4 Fori=2.3,....2n+1
i . Qi 1—Q1:i_
forj=2,3,...,iset Q= ij—1 i1, j—1

Step5 OUTPUT (Qo0, Q11;-- -, Qentt,2n41)
STOP
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Divided Diffences & Derivatives

@ Suppose that f € C"[a, b] and Xxg, X1, . . ., Xp are distinct numbers in
[a, b].
@ Then a number ¢ exists in (a, b) with

f7)(€)

f[X0, X1, ..., Xn] = Py




Divided Diffences & Derivatives: Proof

Let g(x) = f(x) — Pn(x). Since f(x;) = Pn(x;) foreachi=0,1,...,n,
the function g has n+ 1 distinct zeros in [a, b]. The Generalized Rolle’s
Theorem implies that a number ¢ in (a, b) exists with
g"(§) =0, s0
0= 1" - P ().

Since Pp(x) is a polynomial of degree n whose leading coefficient is
flxo0, X1, - -, Xn],

P (x) = nif[xo, X1, - - -, Xnl,

for all values of x. As a consequence,

) (¢)

n!

f[Xo0, X1, ..., Xn] =




Generalized Rolle’s Theorem

Suppose f € C|a, b] is n times differentiable on (a, b). If
f(x)=0

at the n+ 1 distinct numbers a < xp < X1 < ... < X, < b, then a
number c in (Xo, X»), and hence in (a, b), exists with

fM(c) =0




Generating the Divided Difference Table

First Second Third
z  f(x) divided differences divided differences divided differences
zo  f[wo]
fleo, @1] = 71‘[:421] :.J;Em()]
n o] Flzo, 1, 2] = L2222 = flon.]
2 — T
iz = flwo] = flaa] N fla1, @2, @3] = flzo, 21, 72
’ To — T1 s T3 — Xo
o2 fl2o] flz1, 2, 23] = 7]([12723] — i[zhzz]
3 — Ty
Flwa,as) = flas] — flaa] fle1, xo, 3, 24] = flaa, 3, w4] = flw1, 22, 73]
' X3 — T e Ty — 31
o3 23] flw2, z3,24] = W
4 — T2
Flws, ] = flaa] — flas] Flw2, x5, 24, 75] = flws, x4, x5] — flwa, 3, 24]
Ty — T3 s T5 — T3
w i) lzs, 0,2 = 070~ Tl 2]
5 — 23
flas] = flad]
floa,as] = —=————
z5  flws] o
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